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A model independent analysis shows that the running of the spectral index of the 
three year WMAP results can be nicely realized in noncommutative inflation. We also 
re-examine some concrete noncommutative inflation models. We find that a large tensor- 
scalar ratio is required, corresponding to a low number of e-folds before the end of inflation 
in some simple models. 
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An epoch of accelerated expansion in the early universe, inflation, dynamically resolves 
many cosmological puzzles such as homogeneity, isotropy and flatness of the universe |jl|], 
and generates superhorizon fluctuations without appealing to flne-tuned initial setups. 
These fluctuations become classical after crossing out the Hubble horizon. During the 
deceleration phase after inflation they re-enter the horizon, and seed the matter and the 
radiation fluctuations observed in the universe. The anisotropy in CMB encodes the very 
important information for inflation. 

The ACDM model remains an excellent flt to the three years WMAP data and other 
astronomical data 0. In the simplest models for the structure formation, a scale-invariant 
spectrum of the primordial power spectrum is no longer a good flt to the three year data, 
implying that inflation must be dynamic. Some simple inflation models are already ruled 
out plJ^ . The deflcit of power in low mulitipoles of the angular power spectrum in the flrst 
year results of WMAP is not preferred by the three years results anymore. Even though 
allowing for a running spectral index slightly improves the flt to the WMAP data, the 
improvement in the flt is not signiflcant enough to require this new parameter. However, 
it is important that a running index still survives the three year data together with other 
sets of data. Since it is hard to realize a large running in the usual slow-roll inflation 
models [Q, we hope that future experiments will conflrm a running spectral index and 
thus open a new window into the physics of the flrst moments of the big bang and provides 
some clues into trans-Planckian physics. 

Noncommutative spacetime naturally emerges in string theory [Q, which implies a 
new uncertainty relation 

AtpAxp > ll (1) 

where tp and Xp are the physical time and space, Ig is uncertainty length scale or string scale 
in string theory. Constructing a realistic inflation model in noncommutative spacetime is 
still an open question. Motivated by the flrst year WMAP resuls, we found in 0^ that 
a toy noncommutative inflation model can accommodate a large running, this model 
was later extensively studied in |]T^ . Particularly in we found that the noncommutative 
effects always make the power spectrum more blue and the noncommutative effects on 
the small scale fluctuations can be ignored, which is consistent with observational results. 



Other models with a large running are discussed in []ll| - p!3| . We re-examine the model 
studied in J^-^ in the light of the three year WMAP results. 

The spacetime noncommutative effects are encoded in a new product among func- 
tions, namely the star product, replacing the usual algebra product. The evolution of the 
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background is homogeneous and the standard cosmological equations of the inflation wiU 
not change and stiU take the form in Friedmann-Robertson- Walker (FRW) Universe: 



'(j) + m^ + v'{(t)) = 0, 

^'=f-V = T7i^f> + m), (3) 



J 3M2 ^2 

here Mp is the reduced Planck mass and we assumed the universe be spatially flat and the 
inflaton (j) be spatially homogeneous. If cjP' <^ ^(^) and 4) ^ "iHcj), the scalar field slowly 
rolls down its potential. Define some slow-roll parameters, 

W = M2^, (5) 



V 



^y = K^- (6) 

The slow-roll condition can be expressed as e^, ?7v 1- 

In order to make the uncertainty relationship in (|1|) more clear in the Friedmann- 
Robertson- Walker (FRW) background, we introduce another time coordinate r in the 
noncommutative spacetime such that the metric takes the form 

= dt^ - a^{t)dx^ = a-^{T)dT^ - a^T)dT^. (7) 

Now the uncertainty relationship (|l|) becomes 

AtAx > ll (8) 

The star product can be explicitly defined as 

/(r, x) * g{r, x) = e- ¥1(9^9^' -9^9^') f(r, x)g{r\ x')k'=.,.'=x. (9) 

Since the comoving curvature perturbation IZ depends on the space and time, the equation 
of motion for TZ is modified by the noncommutative effects 



where 

zl{fl) = z^yl{v). yl = {(3+ (3-)-^ , 

f =(^)\ Pi = \{a^Hr + llk)+a^\r-llk))^ ^''^ 

here Is is the string length scale, z = acp/H, IZkijf) = Ukij)) / Zkiji) is the Fourier modes 
of TZ in momentum space and the prime denotes derivative with respect to the modified 
conformal time f}. The deviation from the commutative case encodes in (3^ and the cor- 
rections from the noncommutative effects can be parameterized by ^^p-- After a lengthy 
but straightforward calculation, we get 



aH ^ -^(1 + + /u). 



(12) 



where /U = H'^k'^ / (a^Mj) is the noncommutative parameter and Mg = is the string 
mass scale. Solving eq. (|T0|) yields the amplitude of the scalar comoving curvature fiuctu- 
ations in noncommutative spacetime 

- ^ |7^.(r))r = ^^(1 + ^)-^-^-+^''^ (13) 

where H and V take the values when the fluctuation mode k crosses the Hubble radius 
[z'll Zk = /c^), k is the comoving Fourier mode. Plugging this condition into eq. ([T^), we 
obtain 

dink = {1 - ev + Aevlj)Hdt, 

, d [H^e\ ^ (14) 

{l + ev-Aevlj) — -[^T—T]^-Aevli. 



dink ^ ' " '"^^ Hdt \a?Mt^ 
Using eq. (|13D and (H, we obtain the index of the power spectrum for the scalar fluctu- 
ations and its running respectively 

d In A J, , , 

Us -1 = s = = -6ey + 2riv + 16ev/x, (15) 

am A; 

-^^-^ = CKs = -2Aey -f IGevVv - - 32ev?7y/i. (16) 
The tensor-scalar ratio is 

r = IGev (17) 
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Here we only sketch out the brief deviation of the primordial power spectrum and the 
spectral index and its running. See in details. With WMAP data only, the best fit 
results for the ACDM model with running and tensors are 

Us = l.2lt^o.ll dus/d lnk = -0.102t°:°^o, 

(18) 

A'^{k = O.OSMpc"^) = (20.9l}J) X 10"^°, 

and 

r < 1.5 at 95% CL. (19) 

We need to stress that the improvement in the fit is not significant enough to require a new 
parameter, even through a running spectral index slightly improves the fit to the WMAP 
data. Since ey must be positive, eq. (|T5|) says that the noncommutative effects always 
make the spectral index more blue. If r]v is also positive, the noncommutative effects can 
help us to fit the spectral index and its running nicely. 

From eq.(p!5D, we have rjv — | (■s + |^ ~ ^At)- With this substituted into eq. (|T^) , it 
becomes 

— + -r -r ( -r + s ) ;U + rV^ - 2^\/- (20) 



dink 32 2 ^ ^ 

If spacetime is commutative (/U = 0), eq. (pO|) becomes 

din A; 32 2 ^ ' 

Thus in the commutative case, must be large in order to get a large enough negative 
value of dris/dlnk in ( |2T|) , when the CMB power spectrum is blue [s > 0), and r > 0. 
However it is quite hard to have a large in the known typical inflation model . If we 
take the noncommutative effects into account, the second or the third term on the right 
hand side of eq. (|20|) will become negative for some suitable values of /x, there is no longer 
the need for a large ^y. 

Ignoring ^y, the running ag becomes negative provided 

s 



jJS 2 
32 ^ 8^ ^ 



^ > 3 7. ' (22) 



where we assumed that the denominator is negative, this is the case when r is in the range 
|</i<|. If/i>^, and s is positive (which is the case at /c = 0.002(Mpc)~^), the 
lower bound for r is negative thus in this case the running is always negative. For a more 
reasonable value of /i, < |, the lower bound for r is positive. As an example, taking 



s = 0.2, /U = |, the lower bound for r is 0.8. We see that indeed for a small n, a large r is 
required to have a negative running. 

Since the value of depends on the concrete inflation model, we shall ignore which 
is positive in many typical inflation models in order to make a model-independent analysis 
and show the constraint on values of r = IGey and of fj, in order to fit the experimental 
data, in fig. 1. 




Figure 1. The value for the blue solid line is Ug = 1.21, dug/ dink = —0.102. The 
tensor-scalar ratio r is not greater than 1.5 at 95% CL. The range between these two red 
dash lines is permitted. Here we neglect ■ 

Large enough tensor-scalar ratio is needed (r > 0.75) in order to fit the running of the 
spectral index for WMAP. The permitted range for the parameter is nice and our results 
can be trusted. 

• Chaotic inflation 

Chaotic infiation is drived by the scalar field with potential V{(j)) ~ (f)"^. The slow roll 

parameters are related to the number of e-folds before the end of the infiation by 

n 



n — 1 
2N ' 

(n-l)(7i-2) 



W = (23) 



The spectral index and its running and the tensor-scalar ratio are given by 

1 1 



_ An 

The running of the spectral index is always negative for the chaotic inflation model. The 
power spectrum is always a red spectrum in the commutative spacetime. But it becomes 
blue if /U > I + ^ in noncommutative chaotic inflation. In the following we check two 
special cases with n = 2 and n = 4. 
1) For n=2. 

The spectral index and its running and the tensor-scalar ratio are 

/ 1 

Tls = 1 + - - 



r2 

a 



~(1+4M), (26) 



If we take 14 < < 75 [|,|g, 0.11 < r < 0.57 and -1.0 x (1 + A^) x 10"^ < < 
—3.8 X (1 + 4|Lt) X 10~^. In the commutative spacetime /i = 0, the running of the spectral 
index satisfies Ug G (— 10~^, — 10~^). If we take = 14 to fit rig = 1.21, we find r = 0.57, 
11 = 0.618 and as = —3.5 x 10~^. Usually we cannot take so small number of e-folds. A 
more reasonable number of e-folds related to the observable perturbations is = 50. In 
order to make the expansion for the noncommutative parameter trusted, we take fj, = 0.5 
and we find Ug = 1.04 and as = —0.002. 
1) For n=4. 

The spectral index and its running and the tensor-scalar ratio are 

ns = l-f /i - 



a. 



16 

3r2 



256 
16 



(1 + 16//) , (26) 
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If we take 14 < < 75, 0.21 <r< 1.14 and -1.5 x (1 + 16;u) x 10"^ < < -5.2 x 
(1 + 16/u) X lO"'^. In the commutative spacetime /U = 0, the running of the spectral index 
satisfies G (-10-2,-10"^). If we take = 14 to fit = 1.21, we find r = 1.14, 
H = 0.372 and ag = — 10~^. For = 50 and /i = 0.5, we find Ug = 1.1 and ag = —0.01. 

The results are showed in fig 2. If we take the running spectral index into account, 
the chaotic infiations with potential V ^ cp'^ and V ^ (p^ are on the boundary of the 2a 
range if fj, = 0.5 and = 50. If the number of the e-folds can be released to A^ = 14, 
these two chaotic infiation can not be ruled out at a level of about 2 standard deviations 
by WMAP three years data. 
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Figure 2. With potential V{(f)) ~ c^"". N is the number of e-folds before the end of 
the inflation. Here we used the copy of Fig. 12 in 
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• Power-law inflation 

Power-law inflation is drived by a scalar field with potential V{(j)) = X'^ exp ^— y^j^ j ■ 
The scale factor can be exactly solved as 



here we re-parameterize A to be /. The amplitude of the scalar power spectrum is given 
by (in 

Al = Bk-^^ (^"^(t)"^)' ^^^^ 

where 



2 

2 



n(2n-l) ^ 

4n2(n-2)(2n-M) ^^g) 



(n + l)2(n-l)(2n-l)' 

n + l 

n{2n-l)\ 4 



(n-M)2 ; ' \l J ' 
where /p = M^-^ = 8.106 x lO'^^ cm. The spectral index and its running are given by 



n — 1 n — 1 \ k / 



16a (k,Y~- 



and the tensor-scalar ratio is 



16 , , 

r = — . (32) 
n 



Fitting the central value of the amplitude of power spectrum, spectral index and its running 
in (p^, we find n = 14.9, / = 3.05 x 10"^^ cm and Ig = 3.85 x 10"^^ cm. Or equivalently, 
Ms = = 2.1 X lO-'^Mp. We also find kc = 5.38 x lO-^Mpc"^ and the tensor-scalar 
ratio r = 1.1 which is within the allowed range of WMAP. Further we also calculate the 
spectral index and its running aX k — 0.05Mpc~^ as Ug = 0.996 and = —0.040. 

• Small-field inflation 

This kind of model predicts a tiny tensor-scalar ratio. The spacetime noncommutative 
effects can not help us to improve the running spectral index significantly. 
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To conclude, the three year WMAP results reveal that the CMB power spectrum is not 
featureless, and a running spectral index is still alive and the model independent analysis 
shows that the noncommutative inflation model can explain the new results. However, 
in some typical inflation models, such as chaotic inflation, a rather low e-folding number 
is required and may appear unnatural. The power spectrum for the power-law inflation 
model becomes red at k = 0.05Mpc~^ in our results which is consistent with WMAP. But 
the running seems a little too large than what we expect. Thus it is of great interest to 
have an investigation of a more general mechanism to generate a large running. We hope 
to return to this problem in the near future. 
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